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Here we report on Landau level spectroscopy in magnetic fields up to 34 T performed on a
thin film of the topological insulator Bi2Te3 epitaxially grown on a BaF2 substrate. The observed
response is consistent with the picture of a direct-gap semiconductor in which charge carriers closely
resemble massive Dirac particles. The fundamental band gap reaches Eg = (175 ± 5) meV at low
temperatures and it is not located on the trigonal axis, thus displaying either six or twelvefold valley
degeneracy. Interestingly, our magneto-optical data do not indicate any band inversion at the direct
gap. This suggests that the fundamental band gap is relatively distant from the Γ point where
profound inversion exists and gives rise to the relativistic-like surface states of Bi2Te3.
I. INTRODUCTION
Bismuth telluride (Bi2Te3) is nowadays a widely ex-
plored material in the condensed-matter community. In-
tensive investigations of Bi2Te3 started more than fifty
years ago and they were, to a great extent, driven by its
remarkable thermoelectric properties1–3. More recently,
Bi2Te3 appeared among the very first experimentally ver-
ified three-dimensional topological insulators which host
a relativistic-type conical band on the surface4–7. Such
surface states appear in Bi2Te3 due to band inversion at
the center of the Brillouin zone where spin-orbit interac-
tion reverses the order of p-states as compared to isolated
atoms of tellurium and bismuth8.
Despite considerable experimental effort, the electronic
band structure of Bi2Te3 is nowadays only partly un-
derstood. The current consensus implies that Bi2Te3 is
a narrow-gap semiconductor. Nevertheless, the number
and positions of extrema in the lowest-lying conduction
and top-most valence bands, still remain under debate.
Hence, it is still not clear whether the energy band gap is
direct – with the extrema in the conduction and valence
band aligned in the momentum space – or indirect.
From quantum oscillation experiments9–15, it was con-
cluded that six non-equivalent valleys exist both in the
conduction as well as in the valence band, located pair-
wise in the mirror planes of Bi2Te3 (cf. Fig. 1). ARPES
studies5,16–19 also suggest multiple, likely sixfold20, valley
degeneracy in the valence band, but the minimum of the
conduction band appears to be projected to the Γ point
of the surface Brillouin zone. This implies either none
or double valley degeneracy, with the minimum at the Γ
(Z) point or on the Γ−Z line, respectively. In optical ex-
periments21–28, both direct and indirect band gaps were
reported with widths not exceeding 200 meV. Available
theoretical studies provide us with diverse views on the
electronic bands in Bi2Te3
8,29–32. Presumably more ac-
curate GW calculations predict multiple extrema of the
highest valence band and one or more valleys in the con-
duction band33–37. The calculated band gap thus can be
both direct or indirect. Its magnitude depends on the
used functional and falls into a relatively broad range of
energies between 50 and 200 meV.
In this paper, we study the bulk magneto-optical re-
sponse of a thin layer of Bi2Te3. We show that the rela-
tively complex response, comprising a series of interband
and intraband inter-Landau level (inter-LL) excitations,
may be explained using a simple two-band model for a
time-reversal-invariant direct-gap semiconductor. This
implies that the charge carriers in Bi2Te3 behave, to a
certain extent, as massive Dirac electrons. The selection
rules for electric-dipole excitations observed experimen-
tally allow us to deduce the symmetry of electronic bands
around the fundamental band gap. In this way, we con-
clude that the direct band gap is located away from the
trigonal axis, and therefore, it displays a multiple degen-
eracy (N = 6 or 12).
II. SAMPLE PREPARATION AND
EXPERIMENTAL DETAILS
The studied Bi2Te3 epilayer with a thickness of 300 nm
was grown using molecular beam epitaxy on a 1-mm-
thick (111)-oriented cleaved BaF2 substrate
38,39. The
details about the growth technique and the sample char-
acterization were presented previously27. The Hall mea-
surements at liquid-helium temperature, performed on
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2FIG. 1. Schematic view of the first Brillouin zone of Bi2Te3
with the mirror planes (gray planes) and trigonal, bisectrix
as well as binary axes indicated.
the same sample as all our optical and magneto-optical
studies, indicate p-type conductivity and a moderate hole
density of p ∼ 2× 1018 cm−3.
To measure infrared magneto-transmission, nonpolar-
ized radiation from a globar or a mercury lamp was
analyzed by a commercial Bruker Vertex 80v Fourier-
transform spectrometer. The radiation was then deliv-
ered via light-pipe optics to the sample kept in the helium
exchange gas at the temperature T = 2 K and placed in
a superconducting solenoid or in the resistive high-field
magnet (above 13 T, up to 34 T), both at the LNCMI
in Grenoble. The light transmitted through the sample
was detected by a composite bolometer, placed directly
below the sample. The studied sample was probed in
the Faraday configuration, with the magnetic field ap-
plied along the trigonal axis (rhombohedral or c-axis) of
Bi2Te3. The measured transmission spectra, TB , were
normalized by the zero-field transmission, T0, and plot-
ted in the form of relative magneto-transmission, TB/T0,
or relative magneto-absorbance, AB = − ln[TB/T0]. The
optical response at B = 0 was deduced from the ellipso-
metric measurements realized using a commercial Wool-
lam IR-VASE ellipsometer coupled to a closed He-cycle
cryostat, for details see Ref. 27.
III. TWO-BAND MODEL OF A DIRECT-GAP
SEMICONDUCTOR
To interpret our experimental data presented and dis-
cussed below, we adopt a simple two-band model for a
time-reversal-invariant direct-gap semiconductor. The
corresponding Hamiltonian may be derived, e.g., using
the first-order k · p theory applied at a particular point,
k0, of the Brillouin zone:
h =
[
∆ ~vD(qx + iqy)
~vD(qx − iqy) −∆
]
, (1)
where q = k−k0 = (qx, qy, 0). The Hamiltonian describ-
ing electrons and holes with an opposite spin projection
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FIG. 2. Schematic view of the LL spectrum corresponding
to the h and h∗ Hamiltonians (blue and red, respectively).
In the two-band model, the zero-mode (n = 0) LLs remain
independent of B unless the Hamiltonians are expanded to
include band inversion or the impact of higher/lower lying
bands. The vertical arrows correspond to electric-dipole ac-
tive transitions from three distinct sets. In the system with
a full rotational symmetry around the c axis, only transitions
n → n ± 1 may appear. CR denotes cyclotron resonance in
the quantum limit of a p-type system. The n→ n± 2 excita-
tions become active when the rotational symmetry is reduced
to the trigonal one. When the symmetry is further reduced,
transitions n→ n may emerge.
in the doubly degenerate bands is obtained by the com-
plex conjugation of h (h∗). Notably, we consider only
vanishing qz momenta because the qz = 0 states domi-
nate the overall optical response when the magnetic field
is applied along the z axis.
The above Hamiltonian gives rise to the conduction
and valence bands with a characteristic relativistic-like
hyperbolic profile: E(k) = ±√∆2 + ~2v2Dk2. They are
separated by the band gap of 2∆ and display the full
particle-hole symmetry. Interestingly, there exists a non-
trivial analogy between the proposed two-band model
and truly relativistic systems of massive electrons de-
scribed by the Dirac equation40–44. This analogy im-
plies that the band-edge effective masses of electrons
and holes are equal to the quantity referred to as the
Dirac mass, mD = me = mh = ∆/v
2
D. The effec-
tive (cyclotron) mass of charge carriers increases lin-
early with the energy distance ε from the band-edge:
me,h(ε) = mD(1 + ε/∆) = mD|E|/∆. The correspond-
ing g factors are expressed as ge = gh = 2m0/mD, where
m0 stands for the bare electron mass. For large mo-
menta, the dispersion of charge carriers approaches the
ultra-relativistic limit, E(k) ≈ ±~vD|k|. This allows us
to treat the vD parameter which describes the coupling
3Bisectrix axis &
Mirror plane
N = 1 or 2 (G or G-Z)
N = 6 (binary axis)
N = 6 (mirror plane)
N = 12
kx
ky
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FIG. 3. The Brillouin zone of Bi2Te3 projected to the plane
perpendicular to the trigonal axis. The full circles show pos-
sible positions of the band extrema, and their corresponding
degeneracy, given by the crystal symmetry: at the Γ point or
on the Γ−Z line (N = 1 or 2), in the mirror planes (N = 6),
on the binary axes (N = 6) or in a general position (N = 12).
between bands, as the effective velocity of light in the
explored system.
When a magnetic field is applied, the electronic band
structure transforms into Landau levels with the spec-
trum: En = ±
√
v2D2e~Bn+ ∆2, where n > 0. In ad-
dition, there exists a pair of spin-polarized zero-mode
LLs (n = 0) with the energies E0 = ∆ and E0 = −∆,
which correspond to the h and h∗ Hamiltonians, respec-
tively. Our model, characterized by the full rotational
symmetry around the z-axis, implies the standard selec-
tion rules, n → n ± 1, for electric-dipole excitations in
the Faraday configuration (Fig. 2). A closer analysis43,45
shows that the excitations within the LL spectra of the
h and h∗ Hamiltonians dominantly follow the selections
rules n→ n− 1 and n→ n+ 1 and they are active in σ−
and σ+ polarized light, respectively. This remains valid
until the energy of excitations exceeds, by an order of
magnitude, the band gap of 2∆.
Let us now reconcile the proposed toy model of massive
Dirac electrons with the real band structure of Bi2Te3.
We align the z axis in the model with the trigonal axis
of Bi2Te3. The bands considered in the model are asso-
ciated with the lowest lying conduction and the topmost
valence bands which are primarily formed from p-like
states of bismuth (6p) and tellurium (5p)8,46. The elec-
tronic bands at higher or lower energies are completely
neglected. Even though we deal with a material proven to
be a topological insulator4–6, the band inversion, putting
tellurium states above bismuth ones, does not have to
be present around an arbitrarily chosen point k0 in the
Brillouin zone, especially for the momenta far from the
Γ point.
The position of the k0 point in the Brillouin zone (see
Energy (meV)
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FIG. 4. Relative magneto-absorbance spectra, AB =
− ln[TB/T0], plotted for selected values of the applied mag-
netic field. The maxima correspond to individual inter-LL
resonances. The minima (negative values of AB) emerge due
to suppression of zero-field absorption. A baseline-line correc-
tion has been performed (subtraction of a linear background)
to ensure TB/T0 ≈ 1 in the spectral range where no inter-LL
excitations were observed (at high and low photon energies).
Afterwards, the baseline of each spectrum has been shifted
vertically by the offset of 0.25×B[T].
Fig. 3) and the crystal symmetry imply the valley degen-
eracy N . When the possibility of an accidental degen-
eracy is neglected, the valley multiplicity reaches N = 1
when the k0 point coincides with the Γ or Z points (a half
of the valley at both zone-boundary Z points), N = 2 for
k0 located on the trigonal axis (between Z and Γ points),
N = 6 for the valleys located in the mirror planes or on
the binary axis (perpendicular to the trigonal axis) and
N = 12 for a general position in the Brillouin zone9.
Importantly, the symmetry of the crystal and the posi-
tion of the k0 point in the Brillouin zone (see Fig. 1) may
have a profound impact on the related magneto-optical
response. The particular location of the k0 point in the
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FIG. 5. Relative magneto-absorbance, AB , from Fig. 4, visu-
alized as a false-color plot. The vertical red line separates the
data collected using the superconducting and resistive coils,
below and above 13 T, respectively.
Brillouin zone implies a specific form of high-order mo-
mentum terms that result from the k·p expansion. Often,
these terms do not impact the LL spectrum significantly,
and therefore, they are not included in the Hamiltonian 1.
Nevertheless, the lowered rotational symmetry gives rise,
in principle, to additional sets of electric-dipole transi-
tions.
For the point k0 located on the trigonal axis, the an-
gular momentum of an absorbed photon is conserved
only modulo 345. Therefore, additional sets of electric-
dipole transitions may emerge in the excitations spec-
trum: n → n ± 2, 5, 7 . . .. The situation is similar to
K point electrons in bulk graphite47 for which the pro-
nounced trigonal warping does not alter significantly the
LL spectrum, but it gives rise to a series of cyclotron res-
onance (CR) harmonics that would be strictly forbidden
in the electric-dipole approximation in a system with full
rotational symmetry. Further sets of inter-LL excitations
may appear for the k0 point located away from the trig-
onal axis of Bi2Te3 – for instance, interband transitions
that conserve the LL index: n→ n.
IV. EXPERIMENTAL DATA AND DISCUSSION
The magneto-optical data collected on the studied
Bi2Te3 epilayer at T = 2 K in the mid-infrared spectral
range are presented in Figs. 4 and 5, as a stacked-plot
and false-color plot of relative magneto-absorbance spec-
tra, AB , respectively. The data comprise a series of pro-
nounced resonances that follow a sub-linear in B depen-
dence, and in the limit of the vanishing magnetic field, ex-
trapolate to a finite (positive) energy. We interpret these
resonances as inter-LL excitations that promote electrons
across the band gap. The resonances have pronounced
high-energy tails that are typical of interband inter-LL
excitations in bulk systems.
A more detailed analysis shows the presence of addi-
tional transitions with a considerably weaker intensity.
These latter transitions become clearly visible in the sec-
ond derivative of the relative magneto-absorbance, plot-
ted as a false-color plot (Fig. 6a). Since the observed
resonances are relatively sharp, we associate the minima
in d2AB/dω
2 curves directly with the positions of exci-
tations (Fig. 6b). Using the method of second derivative,
we also reduce the impact of the normalization by rela-
tively flat zero-field transmission T0 on the deduced ener-
gies of excitations. No resonances attributable to surface
states were identified, in contrast to preceding studies48.
Let us now compare our experimental data with expec-
tations based on the proposed two-band model. In the
first step, we assign the series of dominant transitions,
which contains up to eight well-resolved lines, with the
position of n → n ± 1 resonances expected in a system
with the full rotational symmetry. Very good agreement
is found for an energy band gap Eg = 2∆ = (175±5) meV
and a velocity parameter vD = (4.7± 0.1)× 105 m/s, as
shown by solid lines in Fig. 6b. In this way, all dominant
lines may be explained using only one widely tunable pa-
rameter vD. This is because the band gap 2∆ falls into
a fairly narrow interval given by the zero-field extrapola-
tion of lines.
The parameters ∆ and vD deduced from the fit of dom-
inant interband transitions allows us to predict the po-
sition and B-dependence of the fundamental CR mode,
1 → 0, in our p-type sample (cf. Fig. 2). This may be
compared to the experimentally observed CR mode visi-
ble as a broad minimum in TB/T0 curves or the maximum
in the false-color plot of relative magneto-absorbance AB
(Figs. 7a and b, respectively). Moreover, the expected
position (red solid line in Fig. 7b) matches very well the
experimental data without any additional adjustment of
vD or ∆. The cyclotron energy deviates only weakly from
a linear dependence in B. This allows us to describe it
approximately by the formula for the cyclotron energy of
a parabolically dispersing particle: ~ωc = ~eB/mD us-
ing the Dirac mass of mD = 0.07m0 (dashed gray line
in Fig. 7b). This value is in very good agreement with
preceding studies which reported the band-edge mass of
0.08m0
12,49. Let us note that the observed CR mode
indicates a coupling with optical phonons that may re-
semble the magneto-polaron effect50,51. Nevertheless, a
relatively broad CR line, as compared to much sharper
phonon resonances, does not allow us to analyze this ef-
fect in detail.
Importantly, our model does not include any electron-
hole asymmetry. The experimentally deduced Dirac mass
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FIG. 6. Part (a): The false-color plot of the second derivative of relative magneto-absorbance in the middle infrared spectral
range, d2AB/dω
2. The vertical red line separates the data collected using the superconducting and resistive coils, below and
above 13 T, respectively. Part (b): The deduced minima of d2AB/dω
2 associated with the positions of interband inter-LL
excitations. The solid (open) circles correspond to positions of dominant (weak) lines in the spectra. The lines correspond to
the theoretically expected positions of resonances that follow three different selection rules: n→ n± 1 (solid blue), n→ n± 0
(dashed green) and n→ n± 2 (dashed red).
mD thus represents a good estimate of the band-edge
mass for both, holes and electrons. Indeed, the extracted
Dirac mass of mD = 0.07m0 is close to the electron
band-edge mass of 0.06m0 deduced in quantum oscilla-
tion experiments in the past11. Importantly, this latter
agreement indicates that the conduction-band minimum,
hosting the final states of the observed interband inter-LL
excitations, is not just a local extremum, but the global
one. The parameter 2∆ thus corresponds to the fun-
damental band gap in Bi2Te3. Hypothetically, one can
imagine that there exist other extrema of the conduc-
tion and valence bands, which are characterized by the
band-edge masses identical to the ones of valleys probed
in our magneto-optical experiments. In such a case, the
real energy band gap might still be smaller and indirect.
However, we do not find such a coincidence probable.
The very good agreement between experimental data
and our simple two-band model suggests that Bi2Te3 is
a direct-gap semiconductor. However, one can never ex-
clude a small displacement δkc−v between the extrema of
the conduction and valence bands. Thanks to our low-
field magneto-optical data, we may find the upper limit
of such a displacement. It is approximately given by the
reciprocal value of the magnetic length δkc−v ∼ 1/lB =√
eB/~ ≈ 0.07 nm−1, taken at the onset of LL quantiza-
tion in our sample (B ≈ 3 T). Such a distance represents
only a small fraction of the whole Brillouin zone size.
This allows us to speak about the direct character of the
band gap in Bi2Te3 with reasonable justification.
The validity of the proposed model also implies that
the Zeeman splitting in Bi2Te3 should be equal to cy-
clotron energy, EZ = EC , that is typical of massive Dirac
electrons54,55 and the g factors of electrons and holes
should reach ge = gh = 2m0/mD ≈ 30. In fact, large
values of g factors are expected in systems composed of
heavy elements with strong spin-orbit coupling56,57. To
the best of our knowledge, no results from spin-resonance
experiments on Bi2Te3 have been reported so far. Rela-
tively large values for g factors were estimated from quan-
tum oscillation experiments11,13,15,58, but the concluded
ratio was somewhat lower than unity: EZ/EC ≈ 0.5−0.7.
The difference may be attributed to the influence of more
distant bands59.
In a second step, we compare the positions of addi-
tional lines – with weaker integral intensities but still
clearly manifested in the spectra – with the energies of
other possibly existing inter-LL excitations. As a matter
of fact, all additionally observed lines fit very well to two
series: n → n± 2 and n → n marked by dashed lines in
Fig. 6b. These two series nearly overlap for higher indices
n, nevertheless, at low photon energies, one may clearly
distinguish two separate 2 → 0 and 1 → 1 lines. Let us
notice that the 0 → 2 transition should not appear due
to the occupation effect in our p-type sample. The pro-
posed two-band model, implying not more than two tun-
able parameters, is thus capable of explaining all intra-
band and interband inter-LL excitations resolved in our
magneto-optical data (more than 10 lines). This strongly
corroborates our interpretation.
The additionally appearing inter-LL excitations reflect
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FIG. 7. Part (a): Relative magneto-transmission spectra, TB/T0 for plotted for selected values of B. The CR resonance
absorption is manifested by a relatively broad minimum that shifts almost linearly with B towards higher energies. The
pronounced B-induced transmission at low photon energies (TB/T0 > 1) is typical of the CR response in the quasi-classical
regime (see, e.g.52). This is due to Drude-type absorption which dominates the response at B = 0 and which is suppressed
by the applied magnetic field. The horizontal dotted lines show TB/T0 = 1 level for each stacked spectrum. Part (b): False-
color plot of relative magneto-absorbance AB in the far infrared range. The solid red line corresponds to the energy of the
fundamental CR mode, 1 → 0, calculated within the two-band model (cf. Fig. 2). The dashed gray line shows the cyclotron
energy, ~ωc = ~eB/mD, for the band-edge (Dirac) mass m = ∆/v2D = 0.07m0. The vertical and horizontal dashed lines in
parts (a) and (b), respectively, show positions of three phonon modes (α, β and γ) observed in zero-field transmission spectrum.
One may associate them with E1u, E
2
u and A1u infrared-active phonons
53. The possible coupling between these phonons and
CR mode is discussed in the main text. The last mode is supposed to be active for the electric-field component along the c
axis, and it appears since the radiation is focused on the sample using a cone.
the symmetry of electronic bands at the fundamental
band gap. The presence of the n→ n series indicates that
the symmetry is definitely lower than the trigonal one.
The direct fundamental gap, evidenced in our magneto-
optical experiment, thus cannot be located on the trigo-
nal axis of Bi2Te3 and the valley degeneracy must reach
either N = 6 or N = 12, unless some accidental degen-
eracy occurs. Both possibilities have been discussed in
the literature. The former one, corresponding to the en-
ergy gap within the mirror planes of Bi2Te3 (see Fig. 1),
has been concluded as more probable based on quan-
tum oscillations experiments10–13,60, which followed the
response for various orientations of the applied magnetic
field with respect to crystallographic axes
Let us confront our conclusions – about the size, na-
ture and multiplicity of the fundamental band gap in
Bi2Te3 – with the zero-field optical response obtained
using ellipsometry. In line with expectations, the de-
duced optical conductivity (Fig. 8) shows a rather steep
increase at photon energies slightly above the band gap
Eg = 175 meV estimated from our magneto-optical ex-
periments. The optical response indicated the presence of
several critical points in the explored part of the infrared
spectral range, which are discussed in the appendix. The
lowest one, located around E∗g ∼ 188 meV, corresponds
to the onset of interband absorption, the so-called optical
band gap. The difference E∗g−Eg is usually referred to as
the Moss-Burstein (MB) shift61, which is characteristic
of all direct-gap degenerate semiconductors and which
allows us to estimate the Fermi energy in our sample.
Assuming the full particle-hole symmetry, we obtain EF
below 10 meV. This result is consistent with the Fermi
energies found in quantum oscillations experiments per-
formed on Bi2Te3 crystals with similar hole densities
12.
Similar to conventional semiconductors, the position of
the absorption onset shifts to lower energies with increas-
ing T (inset of Fig. 8). In this way, we may estimate that,
at higher temperatures, the energy band gap shrinks
roughly linearly with T : Eg(meV) ≈ 175 − 0.07 × T [K].
Interestingly, the optical conductivity remains non-zero,
nearly temperature independent and flat at photon en-
ergies below E∗g . This may be assigned to excitations
from/to localized states in the band gap, but also, to the
absorption tail of the (bulk) free holes whose scattering
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FIG. 8. The real part of optical conductivity, σ1(ω), of
the studied Bi2Te3 sample at the selected temperatures mea-
sured using the ellipsometry technique. The inset shows
in detail the sharp increase of σ1(ω) due to the onset of
interband excitations in Bi2Te3 at selected temperatures.
For comparison, the optical conductivity spectrum of Bi2Se3
has been reprinted from27, see the main text. Due to the
Moss-Burstein effect61,62, the onset of interband absorption
is around 300 meV in this particular Bi2Se3 sample, which is
well above the energy band gap of 220 meV62.
FIG. 9. Schematic drawing of a profile of the lowest conduc-
tion and top-most valence band (CB and VB) with a direct
band gap and global extrema located away from Γ point that
is consistent with our findings, but also with conclusions of
magneto-transport experiments and ARPES data. The mo-
mentum is measured along the line within the mirror planes
of Bi2Te3 different from the c-axis.
rate at these frequencies may be limited by disorder.
Above the optical band gap, σ1(ω) in Bi2Te3 reaches
significantly larger values as compared to the sister com-
pound Bi2Se3 (see Fig. 8 and Ref.
27). The latter has
an inverted direct band gap with only a slightly higher
width, located at the Γ point (N = 1)62, and the elec-
tronic bands are also fairly well described by the Dirac
Hamiltonian for massive electrons43. The difference in
σ1(ω) thus must lie in specific band structure parame-
ters – the reduced mass µ = memh/(me + mh) and/or
the valley degeneracy N , in particular. Assuming strictly
parabolic profiles of bands, the optical conductivity can
be approximated using the text-book expression for a
direct-gap semiconductor63:
σ1(ω) ∝ Nµ3/2
√
~ω − Eg. (2)
Comparing the reduced masses only, µBi2Se3 = 0.08m0
and µBi2Te3 = 0.035m0, one expects greater σ1 for
Bi2Se3, roughly by a factor of 3. In experimental data,
however, an opposite behaviour is observed (Fig. 8).
Above the corresponding optical band gaps, σ1(ω) for
Bi2Se3 is roughly by a factor of 5 smaller as compared to
Bi2Te3.
This opposite trend, as compared to the one with ef-
fective masses, is to a big part due to the large degen-
eracy N , thus confirming the multivalley nature of the
band gap concluded in magneto-transport studies10–13.
A simple argumentation based on Eq. 2 and the over-
all observed absorption would favorize the degeneracy
N = 12 over 6. However, we stay rather conservative
about this conclusion due to several other possible fac-
tors influencing the magnitude of absorption.
Firstly, the impact of the pronounced anisotropy along
the c-axis (µ3/2 → µ‖µ1/2c ) was completely neglected.
The anisotropy in Bi2Te3 may considerably differ from
that in Bi2Se3 and it cannot be deduced from the pre-
sented magneto-optical data, which provide us only with
the in-plane (i.e., perpendicular to the trigonal axis) es-
timate of the velocity parameter/effective mass.
Secondly, and likely more importantly, the absorption
can be influenced by a non-parabolicity of the bands.
Particularly in Bi2Te3, a large non-parabolicity of the
conduction band (flattening) was observed 20-30 meV
above the band-edge11–13. This large flattening, and the
corresponding increase of the joint density of states, may
enhance the absorption considerably. This could make
the optical data compatible with the N = 6 valley degen-
eracy that was concluded, for both the conduction and
valence bands, in de Haas-van Alphen and Shubnikov-de
Haas studies10–13.
Combining the this sixfold-degeneracy deduced from
quantum oscillations with the direct band gap deduced
from magneto-optics, we may schematically sketch the
profile of the conduction and valence bands as a func-
tion of the momentum along a line belonging to a mirror
plane, but different from the trigonal axis (Fig. 9). This
drawing respects the possible presence of a local mini-
8mum of the bulk conduction band at the Γ point indi-
cated by some ARPES studies.
The applicability of the simple massive Dirac model
to the magneto-optical response of Bi2Te3 may be some-
what surprising. In fact, the generic two-band models for
2D or 3D topological insulators8,46,64,65 always comprise
quadratic dispersive diagonal elements, ∆ → ∆ + Mk2
which account for the band inversion (∆ ·M < 0). Such
dispersive diagonal elements are responsible for the ap-
pearance of the surface states, but they also profoundly
impact bulk properties. For instance, when the magnetic
field is applied, they lead to characteristic (anti)crossing
of zero-mode (n = 0) LLs in all inverted systems43,65–68.
Even though Bi2Te3 is a topological insulator – with
experimentally confirmed surface states4–6 – such diag-
onal dispersive terms are not included in our model,
which thus keeps the simplest possible massive-Dirac
form. This is, for instance, seen from the deduced elec-
tron and hole masses that approach very well the Dirac
mass mD. This contrasts with Bi2Se3, where the massive
Dirac picture is also valid43, nevertheless, the presence of
the dispersive diagonal elements in the Hamiltonian en-
hances the mass of electrons and holes by a factor of two
as compared to the Dirac mass.
Let us emphasize that the absence of the dispersive
terms on the diagonal of the Hamiltonian (1) is in line
with findings of theoretical studies (see, e.g.,34,37). These
indicate that the band inversion is present only in a rela-
tively narrow momentum range around the center of the
Brillouin zone. The locations of the fundamental band
gap thus does not have to coincide with the region of the
band inversion, which is located at Γ point and which
gives rise to the conical band on the surface (consequently
centered at the Γ point of the surface Brillouin zone).
Another implication of the non-inverted direct band
gap in Bi2Te3 is that the velocity parameter vD deduced
from our experiments is not the one which determines the
slope of the Dirac cones on the surface. Again, this is in
contrast to other topological insulators such as Bi2Se3
or Bi1−xSbx where the regions of the fundamental band
gap and of the band inversion overlap, and where, the
slope of the surface conical band provides us with a good
estimate for the velocity parameter in the Hamiltonian
describing bulk states.
V. CONCLUSIONS
We conclude that bismuth telluride is a direct-gap
semiconductor with the band gap of Eg = (175±5) meV
at low temperatures. The performed analysis of the
magneto-optical response implies that the fundamental
band gap is not located on the trigonal axis, which im-
plies its multiple degeneracy (N = 6 or 12). This con-
clusion corresponds well with findings of quantum oscil-
lations experiments which indicate the valley degeneracy
N = 6 for both electrons and holes, located in the mir-
ror planes10–13. We also conclude that the low-energy
electronic excitations in Bi2Te3 are fairly well described
within the model of massive Dirac electrons, which com-
prises only two material parameters.
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APPENDIX
To complement the magneto-optical experiments, we
have also performed ellipsometric measurements in the
infrared spectral range and analyzed the obtained data
using the approach adopted in our preceding study27.
The modeling of the optical response enabled us to deter-
mine the thickness of the film (300 nm) and the thickness
of the surface roughness effective layer. As a second step,
the point by point dielectric function was obtained. The
deduced real and imaginary part of the dielectric function
ε = ε1 + iε2 is shown in Fig. 10a. The related real part
of the low-temperature optical conductivity σ1 = ε0ωε2
is shown in Fig. 10b.
We have analyzed the interband transitions using the
critical point (CP) model69–71 that is widely applied to
the second (or third) derivative of the dielectric func-
tion in order to enhance the CPs with respect to the
background. The contribution of a parabolic CP to the
second derivative is modelled as
d2ε
dE2
= Aeiφ(E − ECP + iζ)n−2 , (3)
where A is the amplitude, ECP is the energy, ζ is the
broadening and φ is the phase factor. The exponent
n has the values 1/2, 0, -1/2 for three-, two- and one-
dimensional CP, respectively. In the simplest case of un-
correlated one-electron bands, the phase φ takes values
of the integer multiples of pi/2. For A > 0 and 3D critical
point (n = 1/2), the phases φ = 0, 90, 180 and 270 deg
correspond to M1, M2, M3 and M0 critical points, re-
spectively. For A > 0 and a 2D critical point (n = 0),
φ = 0, 90 and 180 deg correspond to a minimum (M0),
90
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FIG. 10. Zero-field optical data obtained by ellipsometry.
Panel (a): the real and imaginary part of the dielectric func-
tion. Panel (b): the real part of the optical conductivity at
7 K. The arrows denotes the critical points. Panel (c): dis-
plays the second derivative of the real (red squares) and imag-
inary (blue triangles) part of the dielectric function and the
model spectrum (black line). The numbers are the energies
(in meV) of the related critical points.
saddle point (M1) and maximum (M2), respectively
70.
However, note that the phase can depart from these inte-
ger values for various reasons, e.g., when excitonic effects
take place72.
The model spectrum fitted to the second derivative
of the real and imaginary part of the dielectric function
is displayed in Fig. 10c and the obtained values of pa-
rameters are shown in Table I. The main features of the
second derivative are the same as the one reported in
Ref.27, however, here the higher quality of the sample,
and consequently of the data, enabled us to resolve five
critical points.
Concerning the critical point A at 188 meV, the best
fit to the data was obtained using a 2D CP profile that
is expected for the absorption edge influenced by the
MB effect, see, e.g., the case of the Bi2Se3 thin film in
Ref.27. Alternatively, this CP can be modelled with a 3D
critical point (albeit with a minor increase in the mean
square error) yielding A = 30 eV−1/2, ECP = 188 meV,
ζ = 17 meV and the phase φ = 285 deg with a relatively
minor departure from 270 deg of a simple M0 CP. Obvi-
ously, for a small MB shift in the same range as broad-
ening ζ, a mixture of both types of critical points can
be expected, which we believe, is the case of the present
data. Regardless of the dimensionality, the center energy
of the lowest critical point is 188 meV, which is some-
what smaller than 202 meV reported on a similar sample
in Ref.27. This is presumably caused by a lower dop-
ing and correspondingly smaller MB shift. Indeed, the
square plasma frequency 4.4×106 cm−2 (as determined
from the far-infrared reflectivity at 300 K, not shown) is
smaller compared to the value of 5.4×106 cm−2 obtained
on the sample studied in Ref.27. The values of ζ in the
range of tens of meV are likely related to sample inhomo-
geneities, e.g., fluctuations of the local hole density and
related fluctuations of the magnitude of the MB effect.
The CPs at higher energies were modelled with the 3D
CP profiles. The phase values of CPs labelled as B and
C (see Tab. I) suggest that they correspond to the M1
and M2 CPs, respectively, as expected following the M0
CP. The phase of the critical point D is 300 deg, which is
close to 270 deg and which suggests that it corresponds
to M0 CP. The phase of the critical point E is 60 deg,
which is closest to the M2 critical point. However, it is
not excluded that the M1 critical point is somewhat be-
low this energy which effectively reduces the phase from
90 deg.
The presence of another CP is manifested in the
magneto-optical data by appearance of a set of additional
weak inter-LL transitions at higher energies (see Fig. 11).
These correspond to excitations to/from a more distant
band which is not included in the simplified model in the
TABLE I. The values of the amplitude A, energy ECP, broad-
ening ζ and phase φ obtained from the fit of the CP model to
the data shown in Fig. 10c
label A ECP ζ φ Line shape
[meV] [meV] [deg]
A 7.8 188 24 -29 2D
B 21 eV−1/2 363 16 23 3D
C 8 eV−1/2 408 11 76 3D
D 6 eV−1/2 472 13 300 3D
E 16 eV−1/2 575 15 60 3D
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FIG. 11. False-color plot of relative magneto-absorbance in
the spectral interval well above the Eg. The observed series of
inter-LL resonance promote electrons from/to a lower/higher
lying band which is not included in the two-band model pre-
sented in the main text.
main text. The positions of these additional lines can
be reproduced using an ad-hoc invoked massive Dirac
Hamiltonian with the gap of 388 meV and the velocity
parameter of 6× 105 m/s. This additional CP thus cor-
responds to another onset of interband excitations, and
therefore, it should be of the 3D-M0 type. Nevertheless,
it is too weak to be identified directly in the zero-field
optical response.
An intriguing question is whether one of experimen-
tally identified CPs arises due to excitations at the Γ
point. Inspecting the ARPES data36, the onset of bulk
interband transitions from the upward curved valence
band to the conduction band is expected around the en-
ergy of 450 meV. Depending on the profile of the con-
duction and valence bands, the onset may give rise to
a 3D critical point with a M0 or M3 character. In the
given range of energies, we indeed find the critical point
D which is of the M0 type. Nevertheless, its assignment
to the onset of interband excitations at the Γ point can-
not be more than tentative at the moment. The ARPES
data also suggest that there might be additional critical
point(s) in the energy range of 300-400 meV, associated
with transitions along the Z − Γ − Z axis, in line with
our optical data.
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